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Abstract 
Prior experimental studies [1-3] have shown substantial improvement in the ballistic performance of ceramics due to surface treatment 
with thin coatings; however, no correlation between layer properties and degree of improvement has been found and no mechanism has 
yet been identified.  It is certainly true that the high strain rates present in a ballistic event will cause surface waves to form and it is 
plausible that the interaction of these waves with surface flaws may contribute significantly to cracking and failure.  In the present work a 
computational framework is developed to study the role of surface waves in brittle materials.  Extension of this framework to multi-layer 
systems should provide insight into whether or not the observed surface-treatment effect in ceramics can be attributed to surface wave 
suppression.    
© 2015 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of the Hypervelocity Impact Society. 
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1. Introduction 
Surface defects and flaws play an important role in the impact response of brittle materials, such as ceramics and glass. 
High speed projectile impact induces complex surface waves, which generate multi-stress loading in the target. Presumably 
the interaction of surface flaws with these waves can contribute significantly to crack initiation and failure.  Prior 
experimental studies [1-3] have shown substantial benefit of surface treatment of ceramics on the ballistic performance.  
The correlation between layer material properties and degree of ballistic improvement, however, is not well understood.  
Initial attempts using finite element modeling to reproduce the results of these experiments has been unsuccessful [4].  One 
possible explanation for this lack of success could be that surface waves of combined dilatational and vertical shearing 
motion, often referred to as Rayleigh-type waves, are contributing significantly to cracking and failure in ceramics.  Waves 
of this type have been studied extensively by seismologists over the years in both single half space and layered systems [5-
7].  Some notable findings include: the range of existence of such modes (as a function of material properties) in two-
layered systems [8-10], and the dependence of their amplitude on material properties and layer thickness [11, 12].  
Extension of these methods to problems of interest in ballistics and impact, using modern computational techniques, could 
shed light on surface layer effects in ceramics. 
One difficulty in trying to use finite element and finite difference methods to model such effects is that these methods 
tend to filter high frequency content depending on the spatial resolution employed.  Spatial resolutions sufficient to capture 
important wave effects can be computationally expensive and lead to very small time steps and large accumulated errors in 
explicit methods.   
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The goal of the present study is to investigate surface wave- surface flaw interaction in brittle materials and to provide a 
computational framework for exploring possible mitigation strategies to suppress surface waves, such as surface impedance 
manipulation, high rate assisted surface strengthening mechanisms, etc. 
To this end, we have implemented a computational scheme based on transform methods to study surface wave effects. 
Application of the Laplace transform enables closed-form solutions of the wave equations in the transformed space. 
Numerical integration and inversion of the transformed solution provides stress and displacement distributions as functions 
of space and time. The method was first verified using known analytical solutions for the surface displacement due to a 
suddenly-applied point load on a half space.  It was next applied to the problem of cone crack extension from an existing 
flaw under cylindrical punch loading. The computed cone cracks under dynamic loading conditions showed significant 
differences compared to the case of quasi-static loading conditions as calculated previously by Lawn et al [13]. 
It is possible to extend this scheme to treat the surface coating problem. The effects of coating properties, thickness and 
interface properties can then be studied to yield insights into the role of surface constraints in improving ballistic response 
of ceramics.  The application of this method to the surface coating problem will be the subject of a future publication. 
2. Governing equations 
Consider a homogeneous, isotropic, linearly-elastic half space subjected to an axi-symmetric surface source of 
compressive waves.  Let the radial coordinate be denoted by r and the depth coordinate by z.  The displacements and 
stresses at a given point can be written in terms of potentials ϕ and ψ.  The advantage of using potentials is that they satisfy 
the simple wave equations [14, 15]: 
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   In Equation (1) λ and μ are the usual elastic constants and ρ is the mass density.  The approach taken in the present work is 
to use the Laplace transform to eliminate the time derivatives in Equation (1) and obtain Helmholtz equations for both 
potentials: 
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Using the separation-of-variables method the general solutions can be found: 
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In Equation (3) J0 is the zero-order Bessel function of the first kind.  The expressions for the Laplace-transformed 
displacements are: 
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The Laplace-transformed stress components are given by: 
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The coefficients A and B are determined from the boundary conditions: 
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In Equation (6) it has been assumed that the loading function is factorable into spatial and temporal parts, F(r) and G(t) 
respectively. 
3. Numerical solution method 
Numerical evaluation of the expressions in equations (4) and (5) present several difficulties which must be addressed to 
obtain an accurate and stable computational method.  One complication involves the oscillatory nature of the Bessel 
functions appearing in the integrands; if not properly addressed this behavior will cause prohibitively slow convergence in 
any numerical quadrature scheme.  The solution is to subdivide the integral into a summation of sub integrals between the 
zeroes of the Bessel function.  The convergence of the resulting oscillating series is then accelerated by applying the epsilon 
algorithm [16].  In the present work the Quadpack [17] routines QAGP and QEXT for the integration and acceleration 
algorithms were utilized.  For the QAGP routine a 61-point integration rule was employed.  
A second difficulty involves the branch points associated with the compression and shear waves: 
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and the pseudo pole associated with the Rayleigh wave.  This value is given by the root of the determinant of the coefficient 
matrix: 
   0)()(42 22/1222/122222   kkkkkkk bsbdbs                                             (8) 
 
Equation (8) can be solved by numerical iteration such as the bisection method [17].  Special care must be taken to isolate 
the branch points and pseudo pole and to perform further refinement during the numerical integration to ensure accuracy 
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and stability of the method [15]. 
   The final time-domain solutions are obtained by numerical inverse Laplace transform of equations (4) and (5).  The 
routine used in the present study was a revision of INVLTF (Algorithm 796) [19] which utilizes a Fourier series expansion 
and the QD algorithm to accelerate the series convergence. 
  
4. Results 
4.1.  Verification of the method 
In order to verify the numerical solution method of the present work, we compared it with the solution obtained by 
Perkeris [20] for the case of a suddenly-applied compressive point load at the origin as shown in Figure 1.  He obtained 
closed-form solutions for both the vertical and horizontal displacements at the surface in terms of rational functions and 
elliptic integrals. 
 
     
Fig. 1. Suddenly-applied point load on an elastic half space.  The function δ(r) is the Dirac delta function and H(t) is the unit step function.  F0 is the load 
strength. 
Comparison between the closed-form (analytical) and numerical solutions, for the vertical and horizontal displacements 
on the surface are shown in Figure 2.  It can be seen that the agreement is excellent although oscillations can sometimes 
appear in the vicinity of a singularity or discontinuity.  
 
(a)    (b)  
Fig. 2. The vertical (a) and horizontal (b) displacements on the surface.  It was assumed that the Poisson ratio ν = 0.25 and the wave speed cd = 5700 m/s.  
The arrival times for the compressive (P), shear (S), and Rayleigh (R) waves are marked. 
4.2. Cylindrical punch indenter 
Although useful for verification purposes, the interest in point loads is primarily academic since actual load will always 
have an extended area over which they act.  Therefore, a more useful case to study is that of a finite-size indenter like a 
sphere or a cylinder which are often employed in experiment.  For the method used in the present work it is simpler to 
consider the cylindrical flat-punch shown in Figure 3 because the radius of the contact circle stays fixed as the load 
increases, which allows for a factorization of the spatial and temporal dependence consistent with Equation (6).   
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Fig. 3. Cylindrical punch indenter, of radius a, on an elastic half space.  A load is ramped up linearly from zero to a final strength F0  over a time period τ. 
We assume that the spatial distribution of pressure on the surface is given by the well-known solution in the static case 
[21]: 
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and that the temporal dependence is given by a simple ramp function: 
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Figure 4 shows the tensile principal stress (in the r-z plane)  and hoop principal stress  on the surface (z=0) for a series 
of different ramp times: 
(a)   (b)    
Fig. 4. The tensile r-z plane (a) and hoop (b) principal stresses at a point, just below the surface, 5 radii away from the edge of a cylindrical punch. The 
radius of the indenter is a = 500 μm, the Poisson ratio ν = 0.25, and the wave speed cd = 5700 m/s.     
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   The limit  corresponds to the extreme dynamic case of a suddenly-applied load, while the limit  corresponds 
to the quasi-static case in which the material responds instantaneously to a changing load.  It is apparent from Figure 4 that 
in all cases the solution approaches the static-solution value in the limit  as would be expected.  It is clearly seen 
that both principal stresses develop sharp tensile (positive) peaks as  decreases.  These tensile peaks may play a very 
important role in crack growth from existing flaws: the in-plane stress can drive the growth of cone cracks and the hoop 
stress governs the extension of radial cracks.  It is also interesting to note that, in the case of static loading, blunt indenters 
create compressive hoop stresses on the sample surface away from the indenter; therefore, the tensile character of the hoop 
stress in this case is purely due to the dynamic nature of the loading. 
   It is natural to ask whether the shapes of the computed stress curves are determined by a dimensionless variable that 
describes the transition from quasi-static to dynamic response as  changes.  It was discovered through numerical 
experimentation that, for a given value of , the quantity  determines the shape of the computed curves with 
 corresponding to the static case and  to the dynamic one.  It was also observed that for  
the behavior is fairly dynamic in nature. 
It was mentioned earlier in the present work that in the dynamic case the peak tensile stress becomes much larger than in the 
static one.  In addition, it was also found that the peak tensile stress in dynamic case falls off much less rapidly with distance 
from the source than in the static one.  Figure 5 shows regular and Log-Log plots of the in-plane tensile stress, versus 
distance from source, for both static ( ) and dynamic (  ) cases.  It was found that the static fields 
decay as  versus  for the dynamic fields.  In the next section it will be shown than this difference leads to 
profound changes in the cone cracking behavior between dynamic and quasi-static loading. 
(a)   (b)    
Fig. 5. Regular (a) and Log-Log (b) plots of the in-plane tensile stress at a point, just below the surface, as a function of distance from the edge of a 
cylindrical punch. The radius of the indenter is a = 500 μm, the Poisson ratio ν = 0.25, and the wave speed cd = 5700 m/s.   
4.3. Cone cracks: static versus dynamic loading 
One application of the computational method presented in the present work is to model cone cracks formed in brittle 
materials during dynamic loading by an indenter.  Studies under quasi-static conditions are numerous and date back to 
Hertz’s investigations in the 1880’s [22].  A detailed computational study of quasi-static cone cracking in soda-lime glass, 
due to a spherical indenter, was presented in the 1970’s by Lawn et al [13].  In this section a similar calculation, but under 
dynamic loading conditions, is performed and the predicted cracks are compared to the cracks produced in the quasi-static 
case.  The basic idea is illustrated in Figure 6.  A ring-shaped pre-existing flaw, of radius , is assumed to exist on the 
surface of a half-space.  A cylindrical flat-punch indenter, of radius a (with ), is applied to the surface with a given 
force  and ramp-up time .  The crack tip is assumed to extend due to the tensile stress acting along the crack length 
(mode I) and to follow the instantaneous principal stress trajectory perpendicular to .  The growth rate of the crack length 
 is assumed to be given by some experimentally-measured function of the stress intensity factor .  Figure 7 shows a 
comparison of computed crack trajectories for quasi-static ( ) and dynamic ( ) cases.  It 
also demonstrates how dynamic loading can spawn cracks much further away from the loading site than static loading can.  
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(a)   (b)    
Fig. 6. Basis of the cone crack calculations: (a) a pre-existing flaw extends under the influence of a cylindrical punch applied to the surface, and (b) the 
velocity versus intensity factor for soda-lime glass [13].  
(a)   (b)    
Fig. 7. Comparison of cone cracks produced by quasi-static and dynamic loading: (a) shape and length of cone cracks produced from a flaw with twice the 
radius of the indenter and (b) crack length versus flaw radius.  The values used were: a = 500 μm, ν = 0.21, , and . 
Conclusions 
In the present work a computational scheme to study surface wave effects was developed.  Laplace transform and 
separation of variables methods were applied to obtain closed-form solutions of the elastic wave equations in Laplace space.  
Numerical inversion of the Laplace-space solutions provides stress and displacement distributions which can be used to 
study the interaction of waves with surface flaws.  The method was first verified using known analytical solutions for the 
surface displacement due to a suddenly-applied point load on an elastic half space.  It was next applied to the problem of 
cone crack extension from an existing flaw under cylindrical punch loading.  The computed cone crack trajectories under 
dynamic loading conditions showed significant differences compared to those generated under quasi-static loading. 
This scheme can be extended to treat multi-layer problems.  The effects of coating properties, thickness, and interface 
properties can then be studied to yield insights into the role of surface constraints in improving ballistic response of 
ceramics. 
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